. The purpose of this article is to newly define the p-adic polylogarithm as an equivariant class in the cohomology of a certain infinite disjoint union of algebraic tori associated to a totally real field. We will then express the special values of p-adic L-functions interpolating nonpositive values of Hecke L-functions of the totally real field in terms of special values of these p-adic polylogarithms.
I
The classical polylogarithm functions Li k (t) for integers k ≥ 0 are complex holomorphic functions defined by the convergent power series (1) Li k (t) ≔ ∞ n=1 t n n k , |t | < 1.
Using its description in terms of iterated integrals, the functions Li k (t) may analytically be continued to multivalued functions on P 1 \ {0, 1, ∞}. One of the importance of the polylogarithm functions stems from the result by Beȋlinson [5] (see also [26, (5.1 ) Theorem] or [19] ), which states that the regulator maps for Dirichlet motives may explicitly be described in terms of the values of the polylogarithm functions at the roots of unity. Combined with the fact that the special values of Dirichlet L-functions may also be expressed as linear combinations of values of the polylogarithm functions at roots of unity, this result gives the proof of the Gross conjecture for Dirichlet L-functions, equivalent in this case to the Beȋlinson conjecture for Dirichlet motives. For Hecke L-functions associated to imaginary quadratic fields, analogues of the polylogarithm functions studied by Beȋlinson and Levin [2, 7, 24] are given by the Kronecker-Lerch functions, which plays an important role in the proof by Deninger [15, 16] of the Beȋlinson conjecture for the associated motives. However, natural analogues of (1) for the case of Hecke L-functions for general number fields, including the case for totally real fields, have so far been elusive. Let p be a rational prime. The purpose of this article is to newly construct natural p-adic analogues of the polylogarithm functions (1) , which we simply refer to as the p-adic polylogarithms, corresponding to the case of Hecke L-functions associated to totally real fields. Our construction is based on the idea behind the construction of the Shintani generating class [3] -that equivariant cohomology classes instead of functions give canonical objects in the higher dimensional cases.
One prominent original feature of this construction is our use of the infinite disjoint union T of algebraic tori associated to the totally real field, with multiplicative action of the totally positive elements of the totally real field. We believe T and its quotient stack T should be an important geometric object in the study of the arithematic of totally real fields (see Remark 5.15) . We construct the p-adic polylogarithms as equivariant classes in the (g − 1)-st cohomology of a certain rigid analytic subspace of T, where g is the degree of the totally real field. We then give a construction of the p-adic L-functions interpolating special values of Hecke L-functions of totally real fields following Cassou-Noguès [9] , albeit in a more streamlined fashion via stronger emphasis on the Lerch zeta functions. Our main theorem, Theorem 5.8, expresses the special values of the p-adic Hecke L-functions as a linear combination of values at torsion points of the p-adic polylogarithms.
In this article, we fix once and for all embeddings Q ֒→ C and Q ֒→ C p . The result we generalize is as follows. The p-adic polylogarithms for the case F = Q are functions, originally studied by Coleman [10, VI] and Deligne [13, (3.2. 2)], defined by the series (2) Li , −k) for any integer k ≥ 0, where ω p : (Z/pZ) × → C × is the Teichmüller character. Generalizing the result of Koblitz [23] for the case k = 1, Coleman [10] proved the following. Theorem 1.1. Suppose N is not a power of p, and let ξ be a primitive N-th root of unity. Then for any integer k ∈ Z, we have
where g( χ, ξ) is the Gauss sum g( χ, ξ) ≔ β∈(Z/NZ) × χ(β)ξ −β .
In this article, we generalize the above result to the case of totally real fields. Let F be a totally real field of degree g with ring of integers O F , and let I be the multiplicative group of nonzero fractional ideals of F. For any a in I, we let T a ≔ Hom Z (a, G m ) be the algebraic torus defined over Z which represents the functor associating to any Z-algebra R the group T a (R) = Hom Z (a, R × ). We let T ≔ a∈I T a and U ≔ a∈I U a ⊂ T, where U a ≔ T a \ {1}. In what follows, we fix a finite extension K of Q p in C p containing all the conjugates of F. We let U K ≔ a∈I U a K , where U a K is the rigid analytic space over K associated to the formal completion of U a ⊗ O K with respect to the special fiber. The structure sheaf O U K on U K is naturally an F × + -equivariant sheaf in the sense of §2.2, where F × + is the set of totally positive elements F + of F viewed as a group with respect to the multiplication.
For any k ∈ Z, we construct the p-adic polylogarithm as a class Li (p)
For any nontrivial torsion point ξ of U K , we denote by ∆ ξ the group of totally positive units in F × + which preserve ξ. We then view ξ as a rigid analytic space ξ = Sp K(ξ) with trivial action of ∆ ξ . We define the value Li 
For any nonzero integral ideal g of F, we denote by Cl + F (g) the narrow ray class group modulo g of F. Let g (1) . For any finite primitive Hecke character χ : Cl + F (g) → C × , Deligne-Ribet [14] , Barsky [4] and Cassou-Noguès [9] defined the p-adic L-function L p ( χ, s) as an analytic function for s ∈ Z p satisfying the interpolation property
for any integer k ≥ 0, where ω p denotes the composition of the norm map with the Teichmüller character. Our main theorem, Theorem 5.8 gives the following. Theorem 1.2 (=Corollary 5.14). Suppose g does not divide any power of (p), and let ξ be an arbitrary primitive g-torsion point of T a [g] for some fractional ideal a prime to g. Then for any integer k ∈ Z, we have
where g( χ, ξ) is a certain Gauss sum associated to the Hecke character χ, and ξ b is a certain torsion point in T ab [g].
Beȋlinson and Deligne gave an interpretation of the complex polylogarithm functions (1) as periods of certain unipotent pro-variation of mixed R-Hodge structures, referred to as the polylogarithm sheaf, on the projective line minus three points. Furthermore, this polylogarithm sheaf was interpreted as the Hodge realization of the motivic polylogarithm class associated with the algebraic torus G m , and the fact that the regulator maps are expressed by (1) follows from this fact (see for example [19] ). The motivic polylogarithm class for general commutative group schemes were constructed by Huber and Kings [20] . The p-adic interpolation of critical values of Hecke L-functions of totally real fields was previously studied by Beȋlinson, Kings, and Levin in [6] via the topological polylogarithm on a torus. Our construction of the p-adic polylogarithm arose from our effort to understand the syntomic realization of the motivic polylogarithm class for T, in order to also capture the noncritical values of the p-adic Hecke L-functions.
In [17] , Gros gave a working definition of syntomic cohomology and the syntomic regulator map, and Kurihara [17, Appendix] proved that the syntomic regulators in the cyclotomic case are expressed by the p-adic polylogarithm functions (2) . The interpretation of these results in terms of syntomic realization of the polylogarithm sheaf was given in [1] . The relation of the p-adic polylogarithms in our case to the syntomic realization of the polylogarithm classes, as well as its plectic incarnation following the spirit of Nekovář and Scholl [25] , will be explored in subsequent research. The content of this article is as follows. In §2, we give the definition of Lerch zeta functions and the construction of the Shintani generating class, generalizing the result of [3] to the case when the narrow class number of the totally real field is not necessarily one. In §3, we give the construction of the p-adic polylogarithm. In §4, we construct a p-adic measure interpolating values at nonpositive integers of Lerch zeta functions, and use this measure to construct the p-adic L-function L p ( χ, s). Our main theorem, Theorem 5.8, will be proved in §5.
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In this section, we generalize the construction of the Shintani Generating Class given in [3] to deal with the case when the narrow class number of the totally real field is not necessarily one. In particular, we introduce the scheme T ≔ a∈I T a , where I denotes the set of nonzero fractional ideals of the totally real field and T a ≔ Hom Z (a, G m ).
Lerch Zeta Functions and Hecke L-functions.
Let F be a totally real field of degree g with ring of integers O F . In this subsection, we first give the definition of the Lerch zeta functions of F. We then introduce the set T tors as a natural parameter space for the Lerch zeta functions, and express the L-function associated to a Hecke character of F canonically in terms of the Lerch zeta functions.
In what follows, for any subset X of F, we denote by X + the set of totally positive elements of X. For any fractional ideal a of F, we let T a be the algebraic torus T a ≔ Hom(a, G m ) defined over Z used by Katz [21] . The algebraic torus T a represents the functor associating to any Z-algebra R the group of additive characters T a (R) = Hom(a, R × ) on a with values in R × . T a is given as the affine scheme T a = Spec Z[t α | α ∈ a], where t α are parameters satisfying t α t α ′ = t α+α ′ for any α, α ′ ∈ a. We let ∆ ≔ (O × F ) + be the group of totally positive units of F. Then the natural left action of ∆ on a induces a right action of ∆ on T a . The action of ε ∈ ∆, denoted by ε : T a → T a , maps a character ξ ∈ T a to the character ξ ε defined by ξ ε (α) ≔ ξ(εα). In terms of the coordinate ring, the isomorphism ε : T a → T a is given by t α → t εα for any α ∈ a.
For any torsion point ξ ∈ T a (Q), we define a function ξ∆ on a to be the sum over the ∆-orbit of ξ, i.e.,
By definition, ξ∆ satisfies ξ ε ∆ = ξ∆ for any ε ∈ ∆ and defines a map ξ∆ : ∆\a → Q. We define the Lerch zeta function as follows.
Definition 2.1. Let a be a nonzero fractional ideal of F, and let ξ be a torsion point of T a (Q). We define the Lerch zeta function for ξ∆ by the series
This is a natural generalization of the Lerch zeta function defined in [3, Definition 1.3]. The sum converges absolutely for Re(s) > 1. The function continues meromorphically to the whole complex plane, and is entire if ξ 1.
We next introduce the set T tors as a natural parameter space for the Lerch zeta functions. The action of ∆ on T a generalizes to isomorphisms given by elements of F × + as follows. For any x ∈ F × + , the multiplication by x gives an isomorphism a xa of O F -modules, and hence induces an isomorphism of group schemes (4) x :
Explicitly, this isomorphism maps any character ξ ∈ T xa (R) to the character ξ x ∈ T a (R) given by ξ x (α) ≔ ξ(xα) for α ∈ a. If I denotes the group of nonzero fractional ideals of F, then T ≔ a∈I T a has a natural action of F × + given by the isomorphism (5) x : T → T for any x ∈ F × + obtained as the collection of isomorphisms x : T xa → T a for all a ∈ I. Definition 2.2. We define T (Q) to be the quotient set T (Q) ≔ T(Q)/F × + , and let T tors ⊂ T (Q) be the set of points in T (Q) represented by torsion points of T a (Q) for a ∈ I. Note that if we fix a set of fractional ideals C of F representing the narrow ideal class group Cl + F (1) ≔ I/P + (where P + ≔ {(x) | x ∈ F × + }), then we have T (Q) = a∈C (T a (Q)/∆). The following lemma shows that T tors is the natural parameter space for the Lerch zeta functions. Lemma 2.3. Let a be a nonzero fractional ideal of F and let x ∈ F × + . Then for any torsion point ξ ∈ T xa (Q), we have L(ξ∆, s) = L(ξ x ∆, s), where ξ x is the torsion point of T a (Q) corresponding to ξ through the isomorphism (4) . In other words, the Lerch zeta function depends only on the class of ξ in T tors .
Proof. By definitions of the Lerch zeta functions and of ξ x , we have
We will show in Proposition 2.7 that the Lerch zeta functions may be used to express the Hecke L-functions of Hecke characters of F. We first review some results concerning the finite Fourier transform. For a fractional ideal a ∈ I and a nonzero integral ideal g, we denote by T a [g] ≔ Hom Z (a/ga, Q × ) the character group of the finite abelian group a/ga. We call it the group of g-torsion points of T a (Q), since the O F -action on a induces an O F -module structure on T a (Q), and its submodule of g-torsion points is identified with T a [g] through the natural inclusion T a [g] ֒→ T a (Q). Now, for a function φ : a/ga → C and ξ ∈ T a [g], let
Then by the Fourier inversion formula for functions on a/ga, we have
for any α ∈ a/ga. Moreover, if φ ε = φ for any ε ∈ ∆, where φ ε is the function on a/ga defined by φ ε (α) = φ(εα), then we have c φ (ξ ε ) = c φ (ξ), hence we see that
for any α ∈ a/ga in this case.
In what follows, for any nonzero integral ideal g of F, we let Cl + F (g) be the narrow ray class group of F modulo g. That is, we let Cl + F (g) ≔ I g /P + (g), where I g is the group of nonzero fractional ideals of F prime to g and P
For a ∈ I, we denote by (a/ga) × the subset of a/ga consisting of all elements which generate a/ga as an O F /g-module. Then we have the following description of Cl + F (g). Lemma 2.4. For any a ∈ I, we have a well-defined map (a/ga) × −→ Cl + F (g) which sends a residue class of α ∈ a + to the ray class of a −1 α. Moreover, if C ⊂ I is a set of representatives of the narrow ideal class group Cl + F (1), the above maps for a ∈ C induce a bijection a∈C ∆\(a/ga) × −→ Cl + F (g).
A finite Hecke character of F is a homomorphism χ : Cl + F (g) → C × for some integral ideal g. By composing with the map (a/ga) × → Cl + F (g) given in Lemma 2.4, we define a map χ a : (a/ga) × → C × for each a ∈ I. Then we have (7) χ
for any a, b ∈ I and α ∈ (a/ga) × , β ∈ (b/gb) × . By extension by zero, we will often regard χ as a map χ : I → C, and χ a as a map χ a : a/ga → C. Then the above formula (7) holds for any α ∈ a and β ∈ b.
Note that by definition, for any ε ∈ ∆, we have
Lemma 2.6. Let a ∈ I and x ∈ F × + . Then for any torsion point
where ξ x is the torsion point of T a [g] corresponding to ξ through the isomorphism (4) . In other words, the constant c χ (ξ) depends only on the class of ξ in T tors .
Proof. We have
as desired.
which is absolutely convergent for Re(s) > 1. The Hecke L-function may be expressed in terms of the Lerch zeta functions as follows.
Proposition 2.7. Let χ : Cl + F (g) → C × be a finite Hecke character and let L( χ, s) be the Hecke L-function of χ. Then we have
Proof. In what follows, we let C ⊂ I be a set of representatives of the group Cl + F (1). Then {a −1 | a ∈ C} also represents the group Cl + F (1), and the set of integral ideals of F is given by
where the fourth equality follows from (6) and the last equality follows from the definition of the Lerch zeta function (3). This proves our equality (8), since we have a natural bijection
Recall that a Hecke character χ :
Similarly, we say that an additive character ξ ∈ T a [g] is primitive if it does not factor through a/g ′ a for any g ′ g. When the Hecke character is primitive, we may restrict the sum in (8) to the subset of primitive additive characters. We denote by T a 0 [g] the set of primitive elements in T a [g], and set
Proof. Let ξ ∈ T a [g ′ ] for some g ′ g. Since χ does not factor through Cl + F (g ′ ), there exists an element γ ∈ O F+ prime to g such that γ ≡ 1 (mod g ′ ) and χ O F (γ)
1. Then we have ξ(α) = ξ(γα) for any α ∈ a, hence
This shows that c χ (ξ) = 0 as desired, and the identity (9) follows immediately from (8) . of T ≔ a∈I T a with respect to the action of F × + is an algebraic stack. Then the set T (Q) of Definition 2.2 is the set of Q-valued points of T . By construction, we have an isomorphism T a∈C (T a /∆) as algebraic stacks, where C is a set of fractional ideals of F representing the classes of Cl + F (1).
The Shintani Generating Class.
In this section, we construct the Shintani generating class following [3, §4] , however as an equivariant cohomology class in U ≔ a∈I U a with respect to the action of F × + , where U a ≔ T a \ {1} for any a ∈ I. We first review the definition of equivariant cohomology. Let G be a group with identity e. In what follows, we let X be a G-scheme, i.e., a scheme X equipped with a right action of G. We denote by
Definition 2.10. For any integer m, we define the equivariant cohomology H m (X/G, F ) of a G-equivariant sheaf F to be the group obtained by applying to F the m-th derived functor of Γ(X/G, −).
Let π : G → H be a homomorphism between groups. For a G-scheme X and an H-scheme Y , we say that a morphism of schemes f : X → Y is equivariant, if the actions of G and H are compatible with f through π. For such f , if F is an H-equivariant sheaf on Y , then f * F naturally has a structure of a G-equivariant sheaf on X, and f induces a pullback morphism on equivariant cohomology
We now consider the scheme T of §2.1. Again, we let F be a totally real field of degree g ≔ [F : Q], and we denote by F × + the set of totally positive elements in F × . For any fractional ideal a ∈ I, we let T a ≔ Hom Z (a, G m ). Then by the action given in (5) , the scheme T ≔ a∈I T a is an F × + -scheme. For any x ∈ F × + , the isomorphism x : T T is the collection of isomorphisms x : T xa T a induced from the isomorphism a xa given by the multiplication by x for any a ∈ I. Remark 2.11. Let C be a set of fractional ideals of F representing the classes of Cl + F (1). Then the category of F × + -equivariant sheaves on T is equivalent to the category of ∆-equivariant sheaves on a∈C T a .
Next for a ∈ I, let U a ≔ T a \ {1}. Then any x ∈ F × + induces an isomorphism x : U xa → U a , hence U ≔ a∈I U a is also an F × + -scheme. We will now construct the equivariant Čech complex, which may be used to express the equivariant cohomology of U with coefficients in an equivariant sheaf F on U. Definition 2.12. For any fractional ideal a in I, we say that α ∈ a + is primitive, if α/N a + for any integer N > 1. We let A a ⊂ a + be the set of primitive elements of a + .
gives an affine open covering of U a with a natural action of ∆, and U ≔ {U a α } a∈I,α∈A a gives an affine open covering of U = a∈I U a with a natural action on F × + . Let q be an integer ≥ 0. For any
For any
Then we have the following.
for any integer q ≥ 0, and the differential d q :
Then for any integer m ≥ 0, the equivariant cohomology
Similarly to Remark 2.11, the category of F × + -equivariant sheaves on U is equivalent to the category of ∆-equivariant sheaves on a∈C U a , where C is a set of fractional ideals of F representing the classes of Cl + F (1). Then we have
Our assertion now follows from [ 
where I = Hom(F, Q) and we let α τ ≔ τ(α) for any embedding τ ∈ I. We denote by R I + ≔ τ∈I R + the set of totally positive elements of R I , where R + is the set of positive real numbers.
, which we also call simply a cone, is a set of the form
In this case, we say that α is a generator of σ α . A cone is said to be simplicial, if it has a generator linearly independent over R.
We define the dimension dim σ of a cone σ to be the dimension of the R-vector space generated by σ. Note that, when a fractional ideal a is given, any m-dimensional simplicial cone has a generator belonging to A m a , unique up to permutation. In what follows, we fix a numbering I = {τ 1 , . . ., τ g } of elements in I. For any subset
Then, for a cone σ,σ is nonempty if and only if σ is g-dimensional (cf. [28, Lemma 5.3] ).
We define the function G a σ (t) following [3, Lemma 4.1] as follows. Definition 2.16. Let a ∈ I and α = (α 1 , . . . , α g ) ∈ A g a , and put σ = σ α . Then we define
The notation G a σ (t) is justified by the fact that the generator α ∈ A g a is determined up to permutation by a and σ if dim σ = g, while G a σ (t) is zero if dim σ < g sinceP α = ∅ in this case. We may also use the formal expansion
which depends only on a and σ. For any α = (α 1 , . . . , α g ) ∈ A g a , let α τ i j be the matrix in 
, which we call the Shintani generating class.
Proof. The fact that the collection (G a α ) is invariant under the action of F × + follows from the construction. The cocycle condition is proved using the same argument as that of [3, Proposition 4.2] , again using the formula of [28, Proposition 6.2] . (See the proof of Theorem 3.8 below for a similar argument).
When F = Q, the Shintani generating class G is simply the class represented by the rational function
C p-P
Let p be a rational prime. In this section, we will define the p-adic polylogarithm as a class in equivariant cohomology of a certain rigid analytic space. In what follows, we fix a finite extension K of Q p in C p containing F τ ≔ τ(F) for all τ ∈ I. For any ring R, we denote by R := lim ← − −m R/p m R the p-adic completion of R.
3.1. The p-adic Polylogarithm Function. Let a ∈ I. We denote by T a K the rigid analytic space over K associated to the formal completion T a 
This U a K coincides with T a K minus the residue disc around the identity, and the set U a K ≔ U a αK α∈A a gives an affinoid open covering of U a K . Any torsion point ξ ∈ T a (Q) canonically defines a K(ξ)-valued point ξ ′ : Sp K(ξ) → T a K as rigid analytic spaces. In what follows, for any rigid analytic subspace U ⊂ T K , we say that ξ lies in U if ξ ′ does. Abusing notation, we often denote ξ ′ by ξ. Note that ξ lies in U a αK if and only if ξ(α) 1 modulo the maximal ideal of O K(ξ) . In particular, any torsion point ξ ∈ T a (Q) which is not of p-power order lies in U a K .
For any a ∈ I, we denote by (a ⊗ Z p ) × the set of generators of the O F ⊗ Z p -module a ⊗ Z p , i.e., the set of x ∈ a ⊗ Z p such that (O F ⊗ Z p )x = a ⊗ Z p . Equivalently, we may write it as
In particular, for α ∈ a, we have α ⊗ 1 ∈ (a ⊗ Z p ) × if and only if p-adic valuation of α is equal to that of a for every prime p | (p). In the following, we write simply α for α ⊗ 1 ∈ a ⊗ Z p . We define the p-adic polylogarithm function first as a formal power series as follows. 
In the following, we will denote Li a,(p) k,σ (t) by Li (1) If F = Q and a = Z, then we may take u = 1. The only element of A a is 1, which spans the cone σ = R ≥0 . In this case, for any integer k ∈ N, the function
n −k t n is the p-adic polylogarithm function ℓ (p) (t) of [13, (3.2. 2)], which coincides with the function (2) of §1.
(2) If dim σ < g, then we have Li
The power series Li (p) k,σ (t) of Definition 3.1 belongs, a priori, to the completion K t α | α ∈ a + of the semigroup ring K[t α | α ∈ a + ] with respect to the ideal generated by t α for all α ∈ a + . In fact, it lives in a smaller ring given below. 
Then, for σ = σ α , we have Li 
Proof. It is sufficient to prove that, for a fixed u ∈ (a −1 ⊗ Z p ) × , u −k Li
k,σ (t) belongs to the image of B α . We denote by P α the parallelepiped generated by α, and let R m ≔ p mP α ∩ a for any integer m ≥ 0. Then we put
In the sum, since
we see from the definition of the formal power series Li
In particular, we have f m (t) ≡ f n (t) (mod p m B α ) for any integer n ≥ m, hence the sequence f m (t) m∈N is a Cauchy sequence in B α for the p-adic topology. Thus the p-adic limit
gives an element in B α , as desired.
In what follows, for any α = (α 0 , . . ., We will next consider the differential equation satisfied by the functions Li k,σ (t). For any τ ∈ I and a ∈ I, we let ∂ τ be the differential operator
on T a for a choice of Z-basis γ 1 , . . . , γ g of a, where ∂ log γ ≔ t γ ∂ ∂t γ for any γ ∈ a.
Lemma 3.5. The differential operators ∂ τ act on any t α for α ∈ a by ∂ τ t α = α τ t α . In particular, ∂ τ is independent of the choice of the basis γ 1 , . . ., γ g .
Proof. For a Z-basis γ 1 , . . ., γ g of a, we have ∂ τ t γ j = γ τ j t γ j . For any α ∈ a, if we write α = m 1 γ 1 + · · · + m g γ g for m = (m j ) ∈ Z g , then we have
In fact, ∂ τ corresponds to the differential operator 1 Proof. By the formula ∂ τ (t α ) = α τ t α of Lemma 3.5, we can define the operator ∂ τ on the ring K t α | α ∈ a + , and then on B α ⊗ K through the inclusion (13) . The statement regarded as an equality in K t α | α ∈ a + follows from the definition (11) of Li (p) k,σ (t). Since the inclusion B α ⊗ K ֒→ A α ⊗ K is compatible with ∂ τ , we obtain the result.
3.2.
The p-adic polylogarithm. In this subsection, we show that the p-adic polylogarithm functions for various fractional ideals and cones combine together to give the p-adic polylogarithm.
We consider the rigid analytic spaces T K ≔ a∈I T a K and U K ≔ a∈I U a K on which F × + naturally acts. We first define the F × + -equivariant sheaf O T K (k) on T K as follows.
to be the multiplication by x −k ≔ τ∈I (x τ ) −k τ for any x ∈ F × + . The rigid analytic space U K has an affinoid open covering U K ≔ { U a αK } a∈I,α∈A a . Then, similarly to Proposition 2.13, the Čech complex C
with the standard alternating derivative as in (10) . Then we may define the equivariant p-adic cohomology as
where Li
, which we call the p-adic polylogarithm. For any x ∈ F × + , the function Li
Proof. By construction, sgn(α)Li
hence we see through the isomorphism ι x : x * O T K (k) O T K (k) as in Definition 3.7 that the element Li (p)
is invariant with respect to the action of F × + , that is Li
The fact that Li 
) as desired. The differential operator ∂ τ on T a K for a ∈ I gives, for each k ∈ Z I , a morphism of abelian sheaves
compatible with the action of F × + (recall that 1 τ ∈ Z I is the element with 1 in the τ-th component and 0 in the other components). This induces a homomorphism
on equivariant cohomology. The following formula is an immediate consequence of Proposition 3.6. Proposition 3.9. For any k ∈ Z I , the p-adic polylogarithm class satisfies the differential equation
The purpose of this section is to construct a p-adic measure interpolating the special values of Lerch zeta functions. We will then use this measure to construct the p-adic L-functions of Hecke characters of the totally real field F.
The p-adic interpolations of Lerch zeta and Hecke L-values.
In this subsection, we will state the main results of this section, concerning certain p-adic measures which interpolate the values of Lerch zeta functions and Hecke L-functions at nonpositive integers. The actual constructions of such measures will be given in §4.3 and §4.4.
First, we consider the quotient topological space ∆\(a ⊗ Z p ) of a ⊗ Z p by the action of the closure ∆ of ∆ in O F ⊗ Z p . This space may be written as
We define the norm function N a : ∆\(a ⊗ Z p ) → Z p as the limit of the functions
where the representative α is chosen from a + . In other words, N a is a continuous function determined by N a (α ⊗ 1) = N(a −1 α) for α ∈ a + . Then we have an identity
for any x ∈ a ⊗ Z p , where N(x) is defined to be the product of x τ ∈ K for all τ ∈ I. We say that a function φ on a fractional ideal a is periodic if there exists a nonzero integral ideal g of F such that φ factors through a/ga. If a periodic function φ : a → C is invariant under the action of ∆, we define Next, let us consider the projective limit
of the narrow ray class groups of p-power moduli, with respect to the natural homomorphisms Cl + F (p m+1 ) → Cl + F (p m ). By taking the limit, Lemma 2.4 gives a map (a ⊗ Z p ) × −→ Cl + F (p ∞ ) for each a ∈ I, which we often denote by α −→ a −1 α by abuse of notation (precisely speaking, it makes sense only for α ∈ a + ). Moreover, if we choose a set of representatives C ⊂ I for Cl + F (1), we have a bijection 
for any finite character χ p : Cl + F (p ∞ ) → Q × and any k ∈ N.
Remark 4.3.
In the setting of the above theorem, the product χχ p of Hecke characters χ and χ p defines a character of Cl + F (g ′ ), where g ′ is some integral ideal which differs from g only by some powers of the prime divisors of (p). Note that the right hand side of the formula in Theorem 4.2 is independent of the choice of g ′ , since the Euler factors at the prime divisors of (p) are deleted. In the following, we take g ′ as large (with respect to inclusion of sets) as possible, and thus regard χχ p as a primitive Hecke character.
Note that, via the bijection (16) , giving a measure on Cl + F (p ∞ ) is equivalent to giving a collection of measures on ∆\(a ⊗ Z p ) × with a running over a set of representatives C for Cl + F (1). Roughly speaking, the measure µ χ of Theorem 4.2 will be constructed from the measures µ ξ∆ of Theorem 4.1 through this correspondence, since the Hecke L-function is a linear combination of the Lerch zeta functions (Proposition 2.8). The detailed construction will be given in §4.4.
On the other hand, the construction of µ ξ∆ is based on the p-adic interpolation of the Shintani zeta functions, on which we discuss in §4.2. A Shintani zeta function is associated with a cone, and we can express the Lerch zeta function in terms of Shintani zeta functions for a certain finite collection of cones, called a Shintani decomposition. See §4.3 for the detail.
Shintani zeta functions and p-adic interpolation.
In this subsection, we review the definition of the Shintani zeta function, and will use the generating function of its values at nonpositive integers to construct a p-adic measure interpolating these values. 
is the function defined in Definition 2.16. Let ξ ∈ T a (Q) be a torsion point lying in U a α . Then we may expand the rational function G a σ around ξ to obtain a power series
with respect to the ideal generated by T α ≔ ξ(α) −1 t α − 1 for all α ∈ a. Note that, if we choose a Z-basis γ 1 , . . . , γ g of a, we may identify this ring with the usual ring Q(ξ) T γ 1 , . . ., T γ g of formal power series.
Next, we further assume that the torsion point ξ lies in U a αK , i.e., ξ(α j ) 1 modulo the maximal ideal of O K(ξ) for j = 1, . . ., g. Then we see that
for j = 1, . . ., g. By Mahler's theorem, this power series defines a p-adic measure µ σ,ξ on a ⊗ Z p satisfying the following conditions. Proposition 4.6. Let ξ be a torsion point lying in U a αK and put σ = σ α . Then there exists a unique measure µ σ,ξ on a ⊗ Z p satisfying the interpolation property
Proof. The uniqueness follows from the fact that the elements of T a [p ∞ ] spans a dense subspace in the space of continuous functions on a ⊗ Z p . To construct the measure, we fix a Z-basis 
Then the measure µ γ σ,ξ satisfies ∫
dT j . By (14) and Theorem 4.5, we see that the p-adic measure µ σ,ξ on a ⊗ Z p induced by dµ γ σ,ξ through the isomorphism Z g p a ⊗ Z p satisfies the interpolation property (18) . By [28, Proposition 5.6] , there exists a set Φ of g-dimensional simplicial cones stable under the action of ∆, such that ∆\Φ is finite and
In this article, we call such Φ a Shintani decomposition of R I + . From the definition of the Lerch zeta function in (3), we have the following. In what follows, we fix a Shintani decomposition Φ ξ as in Lemma 4.9, and denote by µ σ,ξ for σ ∈ Φ ξ the push-forward of the measure µ σ,ξ with respect to the projection a ⊗ Z p → ∆\(a ⊗ Z p ). Then Remark 4.7 shows that µ σ,ξ depends only on the orbit of σ in ∆ ξ \Φ ξ . Therefore, we may define a measure µ ξ∆ on ∆\(a ⊗ Z p ) by
If we choose a set of representatives C ξ of ∆ ξ \Φ ξ , we see that ∫
by the identity (15) and Proposition 4.6. Since we have
our assertion follows by analytic continuation.
We next investigate the restriction of the measure µ ξ∆ to ∆\(a ⊗ Z p ) × . We first define a p-modified variant of the Lerch zeta function. Definition 4.10. Let a be a fractional ideal of F, and let ξ be a torsion point of in T a (Q). For any rational prime p, we define the p-modified Lerch zeta function for ξ by
We note that for any prime ideal p of F such that p | (p), we have
This shows that Proof. By choosing a set of representatives C ξ of ∆ ξ \Φ ξ , we have ∫
Note that for any torsion point ξ of T a , we have
Our assertion follows from the above calculations.
4.4.
Construction of the p-adic L-function. In this subsection, we prove Theorem 4.2 and then construct the p-adic L-function associated to a Hecke character of the totally real field. In what follows, we fix a set C ⊂ I which represents the narrow ideal class group Cl + F (1) . Recall that by (16) , we have a bijection a∈C ∆\(a ⊗ Z p ) × − → Cl + F (p ∞ ). Proof of Theorem 4.2. Let χ : Cl + F (g) → C × be a finite primitive Hecke character of conductor g, where g is an integral ideal of O F which does not divide any power of (p). In other words, g is divisible by a prime ideal which is not a factor of (p). We will construct a measure µ χ on Cl + F (p ∞ ) which satisfies the interpolation property as in Theorem 4.2.
Recall that, for any fractional ideal a of F, the Hecke character χ induces the function χ a : a/ga → C satisfying χ a (α) = χ(a −1 α) for any α ∈ a + . For a ∈ C, we let µ χ a be the measure on ∆ \ (a ⊗ Z p ) × given by
where T a 0 [g] denotes the set of primitive g-torsion point in T a [g]. Note that since χ is primitive, we have µ χ a = ξ∈T a [g]/∆ c χ (ξ)µ ξ∆ by Proposition 2.8. Then we let µ χ be the measure on Cl + F (p ∞ ) induced by µ χ a through the bijection (16) . In other words, we let ∫
for any continuous function f : Cl + F (p ∞ ) → C p , where we denote by f a the pull-back of f to ∆\(a ⊗ Z p ) × .
Let χ p be a finite character of Cl + F (p ∞ ), and suppose χ p factors through Cl + F (p n ). The finite Fourier inversion formula gives the equalites
as functions on ∆\(a ⊗ Z p ) for any a ∈ C. Then for any k ∈ N, we have ∫
The last equality follows from the fact that we have
noting that α ∈ (a ⊗ Z p ) × implies that the ideal a −1 α is prime to p for any prime ideal of F such that p | (p).
We define the p-adic L-function as follows. Note that we have Z × p = µ × (1 + pZ p ), where µ is the maximal torsion subgroup of Z × p and p = p if p 2 and p = p 2 if p = 2. For x ∈ Z × p , we denote the first and second factors by ω p (x) ∈ µ and x ∈ 1 + pZ p . We denote again by ω p the character ω p • N : Cl + F (p ∞ ) → µ. Definition 4.12. Let χ : Cl + F (g) → C × be a finite primitive Hecke character of conductor g, where g does not divide any power of (p). We define the p-adic L-function L p ( χ, s) by
for any s ∈ C p .
As a corollary of Theorem 4.2, the p-adic L-function satisfies the following. 
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In this section, we will prove our main theorem. More precisely, we will calculate the values of the p-adic polylogarithm at torsion points of U K and relate it to the special values of p-adic Hecke L-functions.
p-adic Polylogarithms and Specializations at Torsion Points.
In this subsection, we will define the p-adic polylogarithm Li 
For any a ∈ I and x ∈ F × + , we have a commutative diagram
of sheaves on T xa K , which gives our assertion. Definition 5.2. For any k ∈ Z, we define the p-adic polylogarithm Li 
Let ξ ∈ T(Q) be a torsion point lying in U K , and regard it as the rigid analytic space Sp K(ξ) with trivial action of ∆ ξ . Furthermore, for any cone σ = σ α of dimension g with α ∈ A g a , we let U a σK ≔ U a αK . We fix a Shintani decomposition Φ ξ as in Lemma 4.9 so that ξ lies in U a σK for any σ ∈ Φ ξ . For any α ∈ A a , we let V α = U a α ∩ ξ. Then V a ≔ {V α } α∈A a gives an affinoid covering of ξ. We denote by A ξ the subset of A a consisting of α such that ξ lies in U a αK . Then the following lemma is proved by the same argument as in [3, Proposition 5.5] .
for any ξ p ∈ T a [p]. Then (21) follows from the fact that ξ p ∈T a [p] ξ p (α) = Np if α ∈ p and ξ p ∈T a [p] ξ p (α) = 0 otherwise. For any integer n ≥ 0, if we apply the differential operator ∂ ≔ τ∈I ∂ τ n times to (21) , and evaluate both sides at ξ, then we have
where the last equality follows from the construction of the measure µ σ,ξ . This is our assertion for integers k ≤ 0. Next note that, for any k ∈ Z, we have
Hence our assertion for the case of k > 0 follows from the result for k ≤ 0.
We now prove Theorem 5.5.
Proof of Theorem 5.5. By construction of the polylogarithm class Li (p)
given in Definition 5.2, we see that the class Li
Then by Lemma 5.3, this class maps to
through the isomorphism (20) . By Proposition 5.6 and the definition of µ ξ∆ , we have
This proves our assertion, since N a (x) = Na −1 N(x) for any x ∈ a ⊗ Z p .
Proof of the Main Theorem.
In this subsection, we will prove our main result, Theorem 5.8. We will then prove Corollary 5.14, which coincides with Theorem 1.2 of §1. The following result will be used to relate the p-adic L-functions to the p-adic polylogarithms.
Lemma 5.7. Let g be an integral ideal of O F which does not divide any power of (p), χ : Cl + F (g) → C × a primitive Hecke character of conductor g, and χ p a finite character of Cl + F (p ∞ ). Then we have χ p · µ χ = µ χχ p , as an equality of measures on Cl + F (p ∞ ) (recall that χχ p denotes the primitive Hecke character induced by the product of χ and χ p ; see Remark 4.3).
Proof. By Theorem 4.2, we have ∫
for any finite character χ ′ p of Cl + F (p ∞ ) and k ∈ N. This shows that χ p · µ χ satisfies the same interpolation property as µ χχ p , hence our assertion follows.
We may now prove our main theorem. Proof. By definition of the p-adic L-function given in Definition 4.12 and Lemma 5.7, we have
for each a ∈ C, where the last equality follows from Theorem 5.5.
We may reinterpret our main result in terms of the Gauss sum as follows. Proof. Consider ξ ∈ T a [g] for some fractional ideal a ∈ I. By definition, ϕ(b)(ξ) is the homomorphism ϕ(b)(ξ) : ab/gab → Q × given by ϕ(b)(ξ)(αβ) = ξ(αβ) for any α ∈ a. On the other hand, β −1 ∈ F × + defines a map β −1 : T a → T βa . Then β −1 (ξ) is an element in T βa = T ab such that β −1 (ξ)(αβ) = ξ(β −1 αβ) = ξ(α) for any α ∈ a. Since β ≡ 1 (mod g), we have ξ(α) = ξ(αβ) for any α ∈ a, hence ϕ(b)(ξ) = β −1 (ξ) as functions on ab. Thus ξ and ϕ(b)(ξ) coincides as elements in T [g], as desired.
In the following, we put ξ b ≔ ϕ(b)(ξ) for ξ ∈ T a 0 [g] and b ∈ Cl + F (g), where ϕ is the action given in Lemma 5.11. We have the following.
Lemma 5.12. The action of Cl + F (g) given by Lemma 5.11 is simply transitive on T 0 [g]. Proof. Take any two elements of T 0 [g] represented by ξ ∈ T a 0 [g] and ξ ′ ∈ T a ′ 0 [g] respectively. Then, for an integral ideal b prime to g, ξ b and ξ ′ represent the same element in T 0 [g] if and only if there exists x ∈ F × + such that x (ξ b ) = ξ ′ , i.e., ab = xa ′ and ξ ′ (α) = ξ(xα) holds for all α ∈ a ′ . Thus we have to show that, for arbitrarily given ξ and ξ ′ , there exists a pair of b and x as above, and b is unique up to P + (g).
We construct such b and x. First, take an integral ideal b 0 prime to g from the narrow ideal class of a −1 a ′ , so that there exists x 0 ∈ F × + satisfying ab 0 = x 0 a ′ . Then define a character ξ ′ 0 ∈ T a ′ 0 [g] by ξ ′ 0 (α) = ξ(x 0 α). Since a ′ /ga ′ is a free O F /g-module of rank one, so is its character group T a ′ [g], and T a ′ 0 [g] is the set of generators of the latter. Hence the two elements ξ ′ , ξ ′ 0 ∈ T a ′ 0 [g] coincide up to multiplication by (O F /g) × , that is, there exists α 0 ∈ (O F /g) × such that ξ 0 (α) = ξ ′ 0 (α 0 α). Then the pair (b, x) ≔ (α 0 b 0 , α 0 x) has the desired property.
To show the uniqueness, we may assume that ξ = ξ ′ . Then we have b = (x) with x ∈ O F+ . Moreover, by the above interpretation of T a 0 [g], the identity ξ ′ (α) = ξ(xα) implies that x ≡ 1 mod g. Hence b is trivial in Cl + F (g). This completes the proof of our assertion. The following lemma describes the behavior of the Gauss sums under this action. where we have used the fact that since b is prime to g, the natural inclusion ab ⊂ a induces an isomorphism ab/gab a/ga. Now Theorem 5.8 gives the following corollary, which was stated as Theorem 1.2 in §1. for any integer k ∈ Z.
Proof. The assertion follows from Theorem 5.8, Lemma 5.12, and Lemma 5.13.
Remark 5.15. The action ϕ of Cl + F (g) on T [g] described in Lemma 5.11 gives a striking parallel to the case of elliptic curves with complex multiplication. Although we do not currently have any concrete ideas to attack the problem, if T can be equipped with a certain F-structure so that the points of T have a natural action of Gal(F/F), and if we could prove that this action is compatible with the action ϕ on T [g] through the isomorphism Cl + F (g) Gal(F(g)/F) given by class field theory, then the stack T = T/F × 
